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Localization and chaos in a quantum spin glass model
in random longitudinal fields: Mapping to the
localization problem in a Bethe lattice with a correlated
disorder
Alexander Burin1,∗
The analytical solution of a many-body localization prob-
lem in a quantum Sherrington-Kirkpatrick spin glass
model in a random longitudinal field is proposed match-
ing the problem with a model of Anderson localization
in a Bethe lattice. The localization transition is dramat-
ically sensitive to the relationship between interspin
interaction and random field revealing different regimes
in which the interaction can either suppress or enhance
the delocalization. The localization is enhanced by de-
creasing the temperature and the localization transition
shows a remarkable universality in a spin glass phase.
The observed trends should be qualitatively relevant for
other systems showing many-body localization.
1 Introduction
Many-body localization has remained a primary focus
of research for over a decade. Delocalized and local-
ized regimes have qualitatively different thermodynamic
properties. In the former case the whole system acts as a
thermal bath for each small part of it [1,2] while in the lat-
ter case different parts of the system are approximately
independent and can be characterized by related inte-
grals of motion [3]. The crossover between two regimes
has been considered in different physical systems [4]
including quantum defects in a 4He crystal [5], anhar-
monic vibrations in polyatomicmolecules [6–8], interact-
ing electrons in Anderson insulators [9,10] and quantum
dots [11,12], spin excitations in semiconductors and cold
atomic systems [13–17] and in periodically driven sys-
tems [18–20]. Many body localization can be significant
for quantum informatics [4,21] because localization pro-
tects the quantum information while chaotic dynamics
inevitably destroys it.
The many body localization (MBL) problem for in-
teracting spins or particles can be formulated similarly
to a single particle problem [22]. The system Hamilto-
nian Ĥ can be separated into an integrable static part Ĥ0
and a dynamic perturbation λV̂ . The integrable Hamil-
tonian Ĥ0 has eigenstates represented by the products
(or Slater determinants) of independent single particle or
spin states of N particles or spins with given population
numbers ni or spin projections S
z
i
to the quantization
axis z. A perturbation λV̂ causes the transitions between
those states. The quasistatic Hamiltonian can be further
separated into a pure random field and an interparticle
interaction (e. g. binary spin-spin interaction) which is
responsible for the “many-body" nature of the problem.
The integrability of a zeroth order problem (Ĥ0) can
be expressed in terms of integrals of motion [3] (popula-
tion numbers ni or spin projections σ
z
i
for a zeroth order
problem). These integrals of motion should be weakly
disturbed when λ≪ 1. The delocalization takes place at
sufficiently large perturbation λ> λc . Delocalized eigen-
states are represented by combinations of amacroscopic
number of zeroth order product states which is compara-
ble to the total number of states uniformly spread over
the phase (Fock) space. The phase space intersections
of delocalized states should lead to their level repulsion
and consequently a Wigner Dyson statistics of their en-
ergy levels. This statistics is considered as a signature of
chaotic and ergodic behaviors in a quantummany-body
problem [2] similarly to a single particle problem [23].
An MBL problem is yet more complicated compared
to a single particle problem. It is very difficult for numeri-
cal studies because a number ofmany-body states grows
exponentially with the system size [24, 25]. Therefore an-
alytical solutions are very significant for understanding
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MBL. The exact analytical solution exists for the localiza-
tion problem on a Bethe lattice (see Refs. [26–29] and Fig.
1.a representing aBethe lattice) and this solution can pos-
sibly describemany-body localization because of similar-
ities in the phase spaces [9,10,25].
It turns out that a reasonably accurate matching to
the Bethe lattice problem can be attained in the pres-
ence of a strong diagonal interaction between particles
or spins as it was shown in a quantum random energy
spin glass model [30, 31]. Many-body localization in this
model can be almost precisely described by the solution
of the matching Bethe lattice localization problem.
However, a random energy model has certain fea-
tures of a single particle problem which are not typi-
cal for a many-body problem. In that model a single
spin flip leads to a change in total energy comparable
to that energy itself. This is the consequence of the lack
of correlations between diagonal energies for all states
which significantly simplifies the analytical solution of
the problem. Such behaviour is typical for a single par-
ticle problem while in a large many-body system the en-
ergy change associated with a single particle excitation
is much less than the energy of the system itself. Be-
cause of this difference the localization transition in a
random energy model can be dramatically sensitive to
a system energy and temperature which might not take
place in more realistic settings. A quantum random en-
ergymodel contains only two parameters including inter-
spin interaction and transverse field, responsible for spin
flips, while the typicalMBLproblemcontains static disor-
der, many-body and dynamic interactions. These short-
comings limit the applicability of analytical results for
random energy model to the MBL problem. In this work
onemore step towards analytical solution of the realistic
MBL problem is suggested considering this problem in
a quantum Sherrigton Kirkpatrick (SK) spin glass model
[32] in a random longitudinal field.
The advantages of this model include a finite energy
change associated with a single spin flip which makes it
closer to realistic systems. The problem can still be re-
solved analytically at finite and infinite temperatures in
spite of strong correlations between energies of coupled
states. Moreover the obtained solutions identify and sep-
arate effects of disordering and interaction on the MBL
transition and the obtained parametric dependencies for
that transition should be transferable to a large extent
to more realistic problems with a short range interac-
tion. The SK model still has shortcomings including an
infinite-range interaction and consequently vanishing of
localization threshold in a thermodynamic limit. How-
ever, the transition is expected to get sharper with in-
creasing the system size and therefore the theory is still
potentially applicable to other MBL transitions.
Although in the case of an infinite range of interaction
the concepts of space or location are not applicable to a
system dynamics, it is still relevant for a variety of phys-
ical systems including for instance delocalized electrons
in quantum dots [11,12]. The localization-delocalization
transition is considered in the Fock space of indepen-
dent particle product states and it describes the transi-
tion between non-ergodic and chaotic (ergodic) behav-
iors. While the infinite range interaction is hard to re-
alize in real spin systems it is possible to use trapped
cold atoms to create a similar setup [13–15] and the the-
oretical predictions of the present work can be hopefully
tested in those systems. The theory is extendable to short-
range interactions as demonstrated in Sec. 6.
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Figure 1 (a) A Bethe lattice model with the coordination num-
ber N = 3, site energies are represented by random energies Φ,
Φ1,.. and the coupling between sites is determined by the trans-
verse field Γ. (b) Interference of two subsequent spin flip transi-
tions (i , j ) and ( j , i ).
The paper is organized as follows. The model is in-
troduced in Sec. 2. The matching Bethe problem and its
solution are described in Sec. 3. In Sec. 4 the main re-
sults of the work related to the MBL transition in a spin
glass model at infinite temperature are described. In Sec.
5 these results are extended to finite temperatures. An-
other extension of the theory to the spin glass with a
power law interaction 1/rα is discussed in Sec. 6 showing
its consistency with previous work [14, 33, 34]. The con-
clusions are given at the end of the work in Sec. 7. Deriva-
tions can be found in the Supporting Informationaccord-
ing to the references in the main text.
2 Model
The Sherrington-Kirkpatrick spin glass model [32] with
a random binary interaction of infinite radius in a small
transverse field and random longitudinal field is consid-
ered. The Hamiltonian of N interacting spins 1/2 repre-
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sented by Pauli matrices σ
µ
i
(i = 1, ..N , µ = x, y,z) in a
transverse field Γ reads
Ĥ = Ĥ0+ V̂ , Ĥ0 =
N∑
i=1
φiσ
z
i +
N∑
i=1
i−1∑
j=1
Ji jσ
z
i σ
z
j ,
V̂ =Γ
∑
i
σxi . (1)
The problem has three different energy scales associ-
ated with random fields φi , interactions Ji j and a trans-
verse field Γ. Random fields are assumed to be indepen-
dent, having zero average and possessing a Gaussian dis-
tribution with the width W . Interactions Ji j are assumed
to be independent anddistributed according to theGaus-
sian law with a zero average and the root mean square
J/
p
N [32] (except for Sec. 6). The typical binary interac-
tion will be also denoted as U = 4J/
p
N for the conve-
nience. The model is integrable at a zero transverse field
and/or in the absence of interactions.
The work main target is to determine the localization
thresholdwhich can be expressed as themaximum trans-
verse field Γc where the system remains quasi-integrable
or localized. Below, the results for this localization thresh-
old are derived and compared to each other for the
matching Bethe lattice problem and the model of inter-
est, Eq. (1).
3 Matching Bethe lattice problem
The matching Bethe lattice problem for the spin glass
model at an infinite temperature can be formulated as
following. Each eigenstate |a > of the Ising model (Eq.
(1) at Γ = 0) can be characterized by the sequence of N
spin projections to the z−axis a = {σi a = ±1} (i = 1, ...N ).
It corresponds to a single site in the Bethe lattice graph
(see Fig. 1 (a)). Each site is connected by the transverse
field Γ to N other sites ak (k = 1, ...N ) different from the
given state by a one spin flip (σz
k
= −σka), each site can
be characterized by the diagonal energyΦa =
∑
i φi aσi a+
1
2
∑
i , j Ji jσi aσ j a .
It turns out that this problem can be resolved in the
limit of a large coordination number N ≫ 1 where spin-
flip transition energies
ǫi = 2σi a(φi +
∑
k
Ji kσka) (2)
can be considered as approximately independent (see
Supporting Information, Sec. 8.1), averaging to zero and
distributed according to the Gaussian law
p(ǫ)= 1p
2πW1
e
− ǫ2
2W 2
1 , W1 = 2
√
W 2+ J2. (3)
Delocalization is determined by sequences of spin
flip transitions which can be described within the for-
ward approximation [25, 30, 31] equivalent to the self-
consistent theory of localization [22, 26]. The n th order
forward approximation is determinedby the sequence of
n spin flips characterized by n transition energies for one,
two and more spin flips (ǫ1, ǫ12,... ǫ12..n). The contribu-
tion of this process to the forward approximation can be
estimated with the logarithmic accuracy as
Xn ≈Pn (0,0...)
[
NΓ ln
(
W1
Γ
)]n
(4)
where Pn(0,0, ...) expresses a joint probability that all en-
ergy changes (ǫ1, ǫ12,... ǫ12..n) are equal to zero (cf. [30]).
In the case of a relatively small number of spin flips, n≪
N , these energies can be approximated by ǫ1,..k =
∑k
i=1 ǫi
where ǫi is the energy of i
th spin flip. This contrasts to a
random energy model where all energies for k spin flips
are determined by energy differences Φk −Φ0 represent-
ing final and initial states respectively and all energiesΦk
are independent of each other.
Assuming that energies of different spin flips, ǫk are
approximately independent of each other and character-
ized by distributions Eq. (3) one can evaluate the proba-
bility Pn (0,0...) as
Pn(0,0, ...)≈
n∏
i=1
∫∞
−∞
dǫk p(ǫk )δ
(
k∑
i=1
ǫk
)
= p(0)n, (5)
so it can be replaced with the product of n independent
probabilities as in the problem with uncorrelated ener-
gies [22,26,30]. The similar result has been earlier derived
for electrons in quantum dots in Ref. [35]. The more ac-
curate analysis given in the Supporting Information, Sec.
8.1, confirms the validity of decoupling of the probabil-
ity Pn into the product of n independent factors p(0) in
the Sherrington-Kirkpatrick spin glass model at an infi-
nite temperature, while at a finite temperature exceeding
the glass transition temperature these correlations can
slightly suppress the localization (see Sec. 5).
The localization transition can be determined using
the divergence of a forward approximation, Eq (4), at
large n. Using Eq. (5) one can evaluate the localization
threshold in terms of the critical transverse field Γc as
Γc,B =
1
4p(0)N ln(1/(p(0)Γc))
≈ 1
4p(0)N ln(N )
. (6)
The more accurate derivation of the localization thresh-
old for a Bethe lattice problem is given in the Supporting
Information, Sec. 8.2.
The critical transverse field Γc given by Eq. (6) van-
ishes in the thermodynamic limit of an infinite system
(N →∞) as (N ln(N ))−1 in contrast with the localization
Copyright line will be provided by the publisher 3
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threshold in a random energy model at a finite temper-
ature that remains finite [30]. I believe that this regime
is still important since the same trend takes place in
many systems of interest including interacting electrons
in quantum dots where the localization threshold is de-
termined by interlevel splitting vanishing in the thermo-
dynamic limit [9,25,36].Moreover one can expect the nar-
rowing of the relative width of the localization transition
∆Γc/Γc to zero with increasing N . Indeed, the delocaliza-
tion in the Bethe lattice problem can be associated with
the divergence of the forward approximation which can
be expressed by the infinite power series with n th order
term behaving as (Γ/Γc )
n [22,29]. In the finite system the
maximum contribution is given by n ∼N and it scales as
(Γ/Γc )
N . The exponential growth in the number of reso-
nances indicates that delocalization begins at Γ=Γc and
the number of resonances substantially exceeds unity at
∆Γ= Γ−Γc ∼Γc/N . Thus the finite size width of the tran-
sition is expected to scale as Γc/N and a relative tran-
sition width ∆Γ/Γc approaches zero within the thermo-
dynamic limit. Therefore one can still talk about the lo-
calization transition in spite of a vanishing localization
threshold in a thermodynamic limit.
4 Spin glass model
The consideration begins with the infinite temperature
case where the transition energy distribution has a Gaus-
sian form Eq. (3) and any correlations between different
transition energies can be neglected. In contrast to a ran-
dom energy model [30] the localization criterion Eq. (6)
obtained for the Bethe lattice problem cannot be trans-
ferred directly to the model Eq. (1) because it does not
distinguish between spin-spin interactions and random
fields. This is the consequence of the lack of interference
between different paths in the Bethe lattice problem rela-
tive to that which takes place in the spin glass model (see
Fig. 1. b).
The interference takes place because the spin flips oc-
curring in different orders lead to the same final state
(see Fig. 1 (b) for two spins) while different sequences
of transitions in the Bethe lattice lead to different states.
n transitions from the given product state in the spin
glass model corresponds to n spin flips leading to
(N
n
)
=
N !/(n!(N − n)!) different states in contrast to N n states
for the Bethe lattice. There are N !/(N −n)!≈N n different
sequences corresponding to n spin flips and for each se-
quence there are n! interfering paths corresponding to n
spin permutations all leading to the same state.
The significance of such interference can be illus-
trated considering flips of two spins a and b character-
ized by spin flip energies ǫi and ǫ j (see Fig. 1 (b)) occur-
ring in a different order. The matrix element of the tran-
sition from the initial state to the state with both flipped
spins i and j can be evaluated using second order pertur-
bation theory as the sum of two path contributions
Vi j =
Γ
2
ǫi
+ Γ
2
ǫ j
=
Γ
2(ǫi +ǫ j )
ǫi ǫ j
. (7)
The perturbation is most efficient under resonant con-
ditions where the total energy change ǫi j after two flips
approaches zero. This energy can be expressed as ǫi j =
ǫi + ǫ j −Ui j where the interaction termUi j is defined as
Ui j = 4Ji jσzi σzj and σzi ,σzj are spin projections in the ini-
tial state [37]. In the case of aweak interactionUi j < ǫi ,ǫ j
a destructive interference suppresses second order tran-
sitions.
A resonant interaction takes place for spin flip ener-
gies ǫi or ǫ j ∼ Γ. Consequently interference does not af-
fect resonances for two spin transitions if the spin-spin
interaction U = 4J/
p
N (here and below the notation U
stands for the typical binary spin-spin interaction) ex-
ceeds a resonant energy given by the transverse field Γ.
In the case of interest Γ ∼ Γc this field is given by the
characteristic minimum spin flip energy per the state,
Γc ∼ 1/(p(0)N ) ∼W1/N (see Eq. (6)). The destructive in-
terference can be ignored in the case of the strong inter-
action defined as
1≪ 4
p
N p(0)J =N p(0)U ∼ U
Γc
. (8)
The weak interaction case takes place in the opposite
regime of U ≪ 1/(N p(0)). Below these two regimes are
treated separately.
4.1 Strong Interaction
Here the localization in the strong interaction regime at
an infinite temperature is considered at a semi-qualitative
level, whilemore accurate derivationusing a self-consistent
forward approximation can be found in the Supporting
Information, Sec. 8.3. Qualitatively the strong interac-
tion regime can be defined as following. Assume that
the characteristic random field W exceeds the interac-
tion strength J ∼ U
p
N . Then one can remove spins
with large spin flip energies ǫ > ξW from the considera-
tion assuming them to be slow compared to other spins.
The number of remaining spins decreases with the cut-
off parameter ξ as Nξ = ξN while their binary interac-
tion U remains unchangeable. Choosing ξ≈ (J/W )2 one
4 Copyright line will be provided by the publisher
April 3, 2018
ends up with Nmi n = N J2/W 2 = (NU/W )2 remaining
spins characterized by the random field strength Wmi n ∼
J2/W =NU 2/W equal to the interaction strength Jmi n =
U
p
Nmi n . One should notice that the number of remain-
ing spins,
Nmi n =N
J2
W 2
, (9)
is much greater than unity in the strong interaction
regime and this regime can be thus reduced to the spin
glass problem with a small random field. Particularly in
the strong interaction regime the spin glass transition
temperature is given by kB T f ∼ J2/W [38] while there
is no spin glass transition in the weak interaction limit
where Nmi n ≪ 1.
Below the results of the n th order forward approxi-
mation are introduced for the strong interaction regime,
then the applicability limits for the forward approxima-
tion are established and finally the expression for local-
ization threshold is derived.
4.1.1 An n th order forward approximation.
For n spin flips determining the n th order forward ap-
proximation the scale of n−spin interaction can be esti-
mated as Un ≈ U
p
n. This energy gives the upper limit
for the maximum spin energy where destructive interfer-
ence is still avoided (cf. Eq. (7)) suggesting that all n! spin
flip permutations for the given spin sequence contribute
to independent resonant interactions. Consequently, the
maximum energy in the logarithm in the definition of
the localization threshold for the Bethe lattice in Eq. (6)
should be replaced withUn leading to the estimate of the
n th order contribution to the forward approximation in
the form
Xn ∼
N !
(N −n)!N n
(
4NΓp(0) ln
[
U
p
n
Γ
])n
. (10)
The delocalization threshold in the n th order forward
approximation can be found setting Xn ≈ 1. This yields
Γcn ≈
ηn
4N p(0) ln
[
p(0)NU
p
n
] ,ηn = ( (N −n)!N n
N !
) 1
n
(11)
The prefactor ηn changes between 1 for n ≪ N and e for
n →N . These results are applicable until the forward ap-
proximation is valid. It fails for very large n as discussed
below.
4.1.2 Validity of a forward approximation
The forward approximation skips spin flip sequences
involving several flips of the same spin. This can be
formally justified by the large coordination number N
which is true for a small number n of spin flips. The in-
volvement of a new spin in the n + 1st step occurs with
the probability proportional to the number of available
spins (N−n) while there are around n choices for the sec-
ond flip of one of already used spins. However the ener-
gies of remaining N −n spins are distributed within the
energy domain (−W ,W ) while the flipped spin energies
do not exceed the n−spin interaction Un = U
p
n ≪ W
whichmakes the resonance probability greater by the fac-
tor W1/Un for the “backwards" process. Consequently,
multiple flips of the same spin are significant in the case
n >U 2N/W 21 ∼Nmi n. (12)
Thus the forward approximation is valid only for n <
Nmi n (cf. the analysis of interacting resonances in Ref.
[36]). This is also demonstrated in a more quantitative
manner using theGreen functionmethod in the Support-
ing Information, Sec. 8.3.2.
According to Eq. (12) in the case of a small random
longitudinal field, W ≤ J = U
p
N , the forward approxi-
mation is valid until the number of spin flips approaches
the total number of spins (Nmi n ∼ N ). In the opposite
case the maximum number of spin flips is limited to the
number of spins Nmi n obtained for the rescaled problem
with the interaction comparable to a random field, Eq.
(9). Below the localization in the model with weak ran-
dom field is considered first and then the results are ex-
tended to stronger randomness.
4.1.3 Localization threshold for small random field
In the case of a small randomfield,W ≤ J , the forward ap-
proximation is valid until the number of spin flips is less
than the total number of spins, n < N . The localization
threshold can be estimated using Eq. (11) either consid-
ering its minimum for Γcn with respect to n realized at
n ∼ N/ln(N ) or exploiting the limit n ∼ N where the for-
ward approximation is still approximately valid. The first
estimate coincides with the logarithmic accuracy with
the estimate for the equivalent Bethe lattice problem, Eq.
(6), while the second estimate can exceed it by a factor
ηn ranging between 1 and e (see Eq. (11)). It is originated
from the reduction of the number of system pathways ex-
pressed by the factorial term for large n ∼N .
The presentmethod cannot distinguishbetween these
two estimates since the theory does not go beyond the
forward approximation. Although a substantial delocal-
ization in the Fock space involving practically all spin
flips can already be expected for Γ > Γc,B (Eq. (6)), it can
be insufficient to ensure a truly chaotic dynamics char-
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acterized by the Wigner Dyson energy level statistics [2]
which does not necesserily takes place in the Bethe lat-
tice problem [39]. A true ergodicity might need the inter-
ference of many resonant paths which requires n ∼ N ,
where some increase of the localization threshold com-
pared to the Bethe lattice estimate in Eq. (6) can be ex-
pected according to Eq. (11).
The latter expectation is consistent with numerical
studies of localization transition in high dimensions [40]
using the Wigner Dyson statistics as the delocalization
criterion. These studies show that the localization thresh-
old behaves in a qualitatively similar manner to the pre-
dictions for the Bethe lattice but exceeds the related the-
ory predictions by the factor of 2 possibly due to the pa-
rameter ηn in Eq. (11).
Consequently, the present theory can estimate the lo-
calization threshold within accuracy of the unknown fac-
tor η∼ 1 (1< η≤ e) as
Γc ≈
η
4N p(0) ln(N )
. (13)
The factor η can be determined in future numerical
and/or experimental studies. I will use η= 2 in the future
discussions in accord with the numerical studies [40].
4.1.4 Large random field
In the case of a large random field compared to the spin-
spin interaction, W > J , the n th order forward approxi-
mation is valid in a sufficiently small order n, such that
n <Nmi n ≈N (J/W )2, Eq. (12). Consequently the localiza-
tion threshold expression given by Eq. (11) at n = Nmi n
given by Γc = 1/(4N p(0) ln(Nmi n)) can serve as a lower
estimate for the threshold.
An upper estimate can be obtained considering the lo-
calization in the rescaled problem where only spins with
spin flip energies comparable or less than J2/W are left
as described in the beginning of this section. This case
can be described by Eq. (13) with the reduced number
of spins Nmi n given by Eq. (9). The delocalization in the
resonant subsystem of Nmi n ≫ 1 spins should be suffi-
cient to stimulate the irreversible dynamics of all remain-
ing spins which interact with this resonant subsystem as
with an ergodic bath. Considerations of the similar prob-
lems in Refs. [36, 41] for particle transitions induced by
the energy exchange with the bath are completely appli-
cable here taking the advantage of the fact that the bath
level splitting decreases exponentially with the number
of spins. Consequently one can describe the localization
using Eq. (13) with the modified logarithmic factor as
Γc,str ≈
η
8N p(0) ln
(
U
Γc ,st r
) ≈ η
4N p(0) ln(Nmi n)
. (14)
leaving a small uncertainty in the numerical constant fac-
tor η that should not exceed 2 (cf. [40]).
The case of a weak interaction cannot be reduced to
the model with a small random field. The delocalization
in this case takes place at substantially larger transverse
field compared to W /N due to the pairwise interactions
of spins as described below.
4.2 Weak interaction
In the weak interaction regime spin-spin interactions U
are smaller then a transverse field Γ. One can then re-
strict the consideration to spinswith flip energies smaller
than ξΓ (ξ is a scaling parameter, ξ > 1) assuming other
spins to be slow. Then the number of remaining spins
scales as Nξ = NξΓ/W and their interaction scales as
J
√
ξΓ/W = Γ
√
ξ W
2
N2UΓ
(
NU
W
)3
which is smaller then the
transverse coupling Γ. Indeed the scaling factor of ξ is of
order of unity, the second factor under the square root
is of order of unity near the localization threshold given
by Eq. (16) and the third factor is small in the weak inter-
action limit opposite to Eq. (8). Therefore the spin-spin
interaction is less than the transverse field and one can
approximately diagonalize each individual spin Hamilto-
nian in its transverse and longitudinal fields. The equiva-
lent Hamiltonian can be set in the form [33]
Ĥweak =
Nξ∑
i=1
Eiσ
z
i
+1
2
Nξ∑
i j
Ji j
(
ǫi
Ei
σzi −
Γ
Ei
σxi
)(
ǫ j
E j
σzj −
Γ
E j
σxj
)
,
Ei =
√
ǫ2
i
+Γ2. (15)
Here energies ǫi represent independent spin flip energies
distributed uniformly in the domain (−ξΓ,ξΓ).
The delocalization is associated with the flip-flop
terms σx
i
σx
j
while the terms σx
i
σz
j
are not significant be-
cause single spin level splittings exceed Γ. In the case of
σx
i
σx
j
interaction there are flip-flop transitions character-
ized by an energy change equal to a two spin flip energy
difference, which can bemade arbitrarily small [42,43].
Each product state with fixed spin projections is cou-
pled to N2
ξ
/2 other states with the coupling strength
U (ξ ∼ 1). Consequently delocalization takes place at
around one resonant interaction per state, i. e. N2
ξ
U/Γ∼
6 Copyright line will be provided by the publisher
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1. The conservative estimate using the matching Bethe
lattice problem with logarithmic factor determined sim-
ilarly to the case of a strong interaction results in the ex-
pression (see Supporting Information, Sec. 8.4)
Γc =
η1
7N2p(0)2U
, η1 ≈ 1. (16)
There is no logarithmic factor in the localization thresh-
old expression in contrast to Eq. (14) because the inter-
action is comparable to the transition amplitudes in Eq.
(15).
10-2 10-1 100
W/N
10-2
10-1
100
101
Γ
c
N=10
N=100
N=1000
Figure 2 Localization threshold dependence on a relative ran-
dom field strength (Eq. (17).
The results are valid until Γc ≪ W . In the opposite
case Γc ≫ W corresponding to a very strong random
field, W ≫ J N3/2, off-diagonal interaction dominates
making the problem similar to the X −Y model. In this
regime I would expect a stronger increase of the thresh-
old field Γc with disordering strength W then in Eq. (16)
because of the specific of delocalization in the XY model
[44]. The analysis of this regime in detail is beyond the
scope of the present work.
4.3 Discussion
Thus at the infinite temperature the localization thresh-
old behavior can be described by Eqs. (14), (16) in the
regimes ofweak and strong interactions, respectively. It is
convenient to express dependencies of Γc on the random
field strengthW and interactionU separately to examine
the localization threshold dependence on these parame-
ters. Then the results in Eqs. (14), (16) can be presented
together as
Γc ≈

W
N
p
πp
2ln
(
U
Γc
)√1+ J2
W 2
, U ≫ W
N
,
1
U
[
W
N
]2 32π
7
, U ≪ W
N
.
(17)
where a random field parameter W enters together with
the number of spins N in the combinationW /N estimat-
ing a typical minimum field for one out of N spins. This
minimum field is most suitable for the resonant interac-
tion. The unknown numerical factors are chosen as η= 2
(cf. Ref. [40]) and η1 = 1. For this choice of parameters
two behaviors for weak and strong interactions are ap-
proximately consistent with each other (see Figs. 2, 3) at
the border line between two behaviors set at Γc =U e−1
where the productΓc ln(U/Γc ) reaches itsmaximumwith
respect to Γc .
100 102
U
100
101
102
Γ
c
W=N=1000
W=N=10
W=N=100
Figure 3 Localization threshold dependence on an interspin in-
teraction (Eq. (17)).
The dependencies of the localization threshold Γc on
the random field strength W are shown in Fig. 2. As it
can be expected the localization domain increases with
increasing random field. At small fields, W < J , the de-
pendence of localization threshold on the field is weak
because disordering is mostly induced by the spin-spin
interaction. At larger fields localization threshold shows
a universal dependence on the relative disordering pa-
rameter W /N increasing proportionally to W /N in the
Copyright line will be provided by the publisher 7
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strong interaction case (W <U N ) and proportionally to
(W /N )2 in the weak interaction case (U N <W ).
The dependence of the localization threshold on the
inter-spin interaction U shown in Fig. 3 is more compli-
cated. In the weak interaction regimeU <W /N the local-
ization threshold Γc decreases with increasing U as U
−1,
emphasizing the dramatic significance of interactions for
the delocalization. In the intermediate regime W /N <
U <W /
p
N the localization threshold decreases logarith-
mically with increasing interaction. Here the interaction
strengthens delocalizationwhile suppressing destructive
interference (Fig. 1. b). In these regimes, the localization
threshold shows universal behavior at fixed relative dis-
order strengthW /N . At strongest interactionU >W /
p
N
localization threshold increases proportionally to the in-
teraction because interaction determines disordering in
this regime.
The consideration of the localization transition at in-
finite temperature is the main goal of the present work.
Below I briefly discuss the extensions of theory to finite
temperatures and power law interactions.
5 Finite temperature
Many-body localization should be sensitive to the tem-
perature. Indeed, the number of accessible states with
close energies decreases with temperature which should
make the localization easier. It is also natural to expect a
strong sensitivity of localization to a spin glass transition
that can take place in themodel under consideration. Be-
low the high temperature paramagnetic phase and low
temperature glass phase are discussed separately.
5.1 Paramagnetic phase
The theory can be extended in an almost straightfor-
wardmanner to the paramagnetic phase of the spin glass
model without a longitudinal field, W = 0. The forward
approximation can be applied to that model using the
distribution of n transition energies ǫ1,...n near 0 (cf. Eq.
(5)) evaluated in the Supporting Information, Sec. 8.1 as
Pn(0,0, ...)≈ pT (0)nη f (n)
nT2
f
T2 . (18)
Here pT (0) is the temperature dependent probability of
a zero spin flip energy given by [45]
pT (0)= p(0)e−
T2
f
2T2 , (19)
and the second factor in the right hand side of Eq. (5) ac-
counts for the contribution of spin-spin correlations to
the probability distribution. The factor η f (n) approaches
unity for n ≪ N . It decreases with increasing n reaching
the minimum, η f (N )= 0.7, at n ≈N .
Using Eq. (18) one can estimate the temperature de-
pendent localization threshold in the n th order forward
approximation as (cf. Eq. (10))
Γcn(T )≈
(
N !
(N −n)!N n
) 1
n
(
e
1
2 η f (n)
)T2f
T2
4N p(0) ln
[p
nN
] . (20)
Since the forward approximation is not fully applica-
ble to very large n ∼ N one can describe the localization
threshold similarly to Eq. (14) introducing two unknown
parameters of order unity
Γc (T )≈
η
(
e
1
2 η f
) T2f
T2
4N p(0) ln[N ]
, (21)
where the factor η accounts for the factorial term contri-
bution and the factor η f is due to correlations in spin flip
energies. Since the latter factor originates from the factor
η f (n) in Eq. (21) chosen at some intermediate n one can
expect 0.7 < η f < 1. Consequently, for different values
of this factor the temperature dependence of the local-
ization threshold in Eq. (21) can vary between 1.1(T f /T )
2
and 1.65(T f /T )
2
, always leading to the increase of the lo-
calization threshold with decreasing the temperature. In
Fig. 4 the temperature dependence of the localization
threshold for W = 0 is shown using the previously cho-
sen parameter η= 2 and the correlationparameter η f = 1
corresponding to the strongest temperature dependence.
More accurate analysis of the localization threshold tem-
perature dependence awaits further numerics.
If the localization transition takes place at some tem-
perature T (T f < T ) the system possesses the mobil-
ity edge at the corresponding energy which can be ex-
pressed as E = −N J2/(2kB T ) [32]. The states in the en-
ergy domain (−E ,E) are delocalized while other states
are localized.
This observation of many-body mobility edge is con-
sistent with earlier findings in a random energy model
[30, 31] and conflicts with the general arguments of Ref.
[46] suggesting that the local fluctuations into the er-
godic phase within the supposedly localized phase can
serve as mobile bubbles that induce global delocaliza-
tion. Such local fluctuations are lacking in the present
model possessing an infinite interaction radius. The ex-
tension of themobility edge consideration to the systems
with short-range interactions is beyond the scope of the
present work.
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In the case of strong random fields W ≫ J , yet
strong interactions, W < U N (Eq. (8), the system un-
dergoes a spin glass transition at the temperature T f ≈
4J2/(3
p
2πW kB ) (cf. Ref. [38]). In a paramagnetic phase
one can expect the increase of the localization threshold
with decreasing the temperature qualitatively similar to
Eq. (21) due to the reduction of the phase space. The ac-
curate analysis of this dependence is beyond the scope
of the present work. For the sake of simplicity the tem-
perature dependencies in paramagnetic phases for finite
random fields are skipped in Fig. 4.
If the interaction is weak there is no spin glass tran-
sition and spin-spin correlations can be approximately
neglected. Then the infinite temperature results, Eq. (16),
should be approximately valid until thermal energy is
muchbigger that the thresholdfieldΓc (Γc ≈W /(J N3/2)≪
kB T ). At lower temperature the localization should take
place at Γ< kB T while at Γ> kB T spins are frozen out in
their ground states. Therefore I expect the system to be
localized at any transverse field in the low temperature
limit kB T ≪W /(J N3/2).
5.2 Spin glass phase
In a spin glass phase the system occupies one of the local
energy minima (valley), where most of spins are frozen
out [32, 47]. Yet there are spins with energies compara-
ble to the thermal energy which can be in both local-
ized or delocalized states. The number of such “thermal"
spins NT can be approximately evaluated using the spin
flip probability energy density pT (0) at zero energy as
NT = N pT (0)kB T . This probability density has been de-
termined numerically in the spin glass phase (in the ab-
sence of longitudinal field) as [45] (see also Ref. [47])
pT (0)= p f (0)T /T f , (22)
where p f (0) refers to the glass transition point T = T f .
The interaction of spins JT = J
p
NT /N scales as the ther-
mal energy suggesting that these “thermal" spins are
near the spin glass transition in the subsystem limited to
those spins [47]. Consequently the localization transition
for these spins can be approximately described using Eq.
(20) with the factor pT (0) given by Eq. (22). This yields
Γc ≈
η
(
η f
) T2f
T2
4N pT (0) ln[NT ]
, (23)
Since the spin glass phase is universal with respect to ran-
dom longitudinal fields [38] the same expression should
be approximately valid for spin glasses subjected to ran-
dom longitudinal fields so many-body localization tran-
sitions at different field strengths W should be described
by the same equation below the glass transition temper-
ature.
100 101
kBT/J
0.01
0.02
0.03
0.04
Γ
c/J
N=100
W=0
W=J
W=2J
Figure 4 The localization threshold vs. temperature in the regime
of strong interaction for N = 100 spins and different strengths of
random field (Eqs. (21), (23)).
The temperature dependence of the localization thresh-
old is shown in Fig. 4 for different strengths of ran-
dom fields (η = 2 and η f = 1 are chosen as previously
discussed). The results are applicable until the inter-
spin interaction energy is less than the thermal energy
J/
p
N ≪ kB T . At lower temperatures the system occu-
pies one of the degenerate ground states. The delocal-
ization described above includes only around 2NT many-
body states corresponding to the local energy minimum
under consideration while other minima are separated
from it by macroscopic energy barriers. Since the statis-
tics of overlaps between different valleys and potential
barriers separating them is not quite clear [47–50] the
analysis of the problemof coupling between different val-
leys due to the transverse field in the spin glass phase is
left for future studies.
6 Power law interactions
Here the case of the power law interaction between spins
is considered qualitatively in the model Eq. (1) with a
modified distance dependent interspin interaction,
Ji j = ji j (a/ri j )α, (24)
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in a d-dimensional lattice with the period a. Interaction
constants ji j are set to be all random, uncorrelated pa-
rameters of order of J0. A random field is assumed to be
strong, W ≫ J0. It is also assumed that α > d to avoid a
single particle delocalization [22,51].
Consider the effect of interaction at long distances on
a delocalization. For the sake simplicity one can replace
all interactions with the one at the maximum distance
r ∼ aN 1d (Ji j ∼ J0N−
α
d ).
It turns out that the modified system matches the
weak interaction limit of the spin glass model with the
long range interactions since the interspin interaction is
less than W /N (remember that it is assumed that W >
J0 and α > d). Then one can estimate the localization
threshold using Eq. (16) as
Γc ∼
W 2
N
2d−α
d J0
. (25)
Eq. (25) predicts the localization threshold decreasing
to zero in the thermodynamic limit (N →∞) if the inter-
action exponent is less than twice the system dimension
(α < 2d) in a full accord with the early theory’s predic-
tions [42], while in the opposite case the theory is not ap-
plicable since Γc exceeds the randomfield strengthW . In
the caseα< 2d the threshold field decreaseswith the sys-
tem size as N−
2d−α
d in a full agreement with Ref. [33]. Also
it turns out that the parametric dependence of the esti-
mate Eq. (25) is consistent with the analysis of Ref. [34].
This can be shown by considering only resonant spins
(|ǫi | < Γ, see Eq. (2)) and introducing the flip-flop inter-
action between them following Ref. [33]. The number of
these spins s given by N∗ ∼ NΓp(0), their interaction
at the average distance takes the form U˜ ∼ J0(p(0)Γ)
α
d
and their characteristic random energy is already cho-
sen to be W∗ ∼ Γ. Applying the delocalization criterion
of Ref. [34] (W∗ ∼ U˜ N
2d−α
d , see the last column in the Ta-
ble 1 there) one reproduces Eq. (25). Thus the suggested
method leads to the results agreeing with the previous
studies so it is potentially extendable to short-range in-
teractions.
7 Conclusions
The localization-delocalization transition is investigated
in a Sherrington-Kirkpatrick spin glass model with ran-
dom longitudinal and small transverse fields. The local-
ization threshold expressed in terms of the critical trans-
verse field Γc has been estimated by exploiting the simi-
larity of the problem to the exactly solvable localization
problem on a Bethe lattice. The localization transition
is sensitive to the relationship of inter-spin interactions
U and random field W , leading to three distinguishable
regimes (see Fig. 3). If the typical spin-spin interaction
is weak compared to the characteristic minimum ran-
dom field per spin (weak interaction case U <W /N , Sec.
4.2) the interaction essentially determines delocalization
and the critical transverse field Γc decreases proportion-
ally to the inverse interaction. In the intermediate regime
of strong interaction and random fields (W /N < U <
W /
p
N ) the interaction is responsible for suppression of
destructive interference, and the localization threshold
depends on it only logarithmically. At strong interaction
and weak random field (W /
p
N < U ) the effective ran-
dom field is determined by the interaction, and the local-
ization threshold increases proportionally to the interac-
tion. The localization threshold increases with decreas-
ing temperature, approaching the universal behavior in
the spin glass phase (Fig. 4).
The technique developed in the present work can
be extended to systems with short-range interactions
as demonstrated by considering the power law interac-
tion between spins. If the interaction radius R0 in a d-
dimensional system is finite and exceeds an interatomic
distance a it is natural to expect that a many body lo-
calization transition can be described using the present
theory with a modified connectivity parameter K for the
matching Bethe lattice problem, i. e. K = (R0/a)d instead
of K = N as in the case of an infinite interaction radius.
The modified dependencies should remain qualitatively
valid after this substitution. The accurate analysis of this
prediction is for future numerical and analytical chal-
lenges.
The results of the present work can be verified exper-
imentally using ultracold atoms [13, 15, 17] and numeri-
cally by exact diagonalization.
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8 Supplementary Materials
8.1 Correlations of spin-flip energies
Here the probability distribution of spin-flip transition
energies is considered in a spin glass model without ran-
dom fields at infinite and finite temperatures T , yet ex-
ceeding the spin glass transition temperature T f = J/kB .
It is shown that the correlations between energies can
be always neglected at an infinite temperature. At finite
temperatures T > T f they can be also neglected if the
number of spin flips n is less than the total number of
spins N while for n ∼ N they can slightly reduce the lo-
calization threshold. In the infinite temperature case the
generalization of the results to arbitrarily external fields
is straightforward, while the consideration of the finite
temperature case in the presence of an external field is
beyond the scope of the present work.
Consider n subsequent spin flips of a spin sequence
{σp }, p = 1, ...n, in some initial Ising product state a cor-
responding to the temperature T , T > T f characterized
by the spin projections {σi a} (i = 1, ...n). Then the energy
change Ep after flips of first p spins can be expressed as
Ep = 2
N∑
l=p+1
σla
p∑
k=1
Jklσka . (26)
The first sum is taken over all N − p remaining spins. To
evaluate the joint distribution function, Pn of all flip en-
ergies Ep entering the forward approximation in the case
of interest where these energies are close to zero one can
use its Fourier transform as
Pn =
1
(2π)n
n∏
m=1
∫∞
−∞
d tmF (t1, ..tn),
F (t1, ..tn)= 〈ei
∑n
p=1 tp Ep 〉 , (27)
where the averaging is alwaysdefinedas< ...>=Tr
[
e−βH0 ...
]
and β= 1/(kB T ) while the contribution of the transverse
field Γ ∼ Γc to thermal averages can be neglected since
Γc ≪ kB T . This result should be comparedwith the distri-
bution assuming independent probabilities for all n en-
ergy changes used in the main body of the manuscript
which suggests (this distribution is expressed in themain
text in terms of the parameter W1 = 2J in the case W = 0)
Pn0 = pT (0)n =
1
(8π)
n
2 J n
e
−n J2
2(kB T )
2
. (28)
Since atT > Tg spin flip energies obeyGaussian statis-
tics [32, 47] one can express the Fourier transform in Eq.
(27) as
F (t1, ..tn)= ei
∑n
p=1 tp<Ep>− 12
∑n
p,q tp tq<δEpδEq>,
δEp = Ep−< Ep > . (29)
Applying the mean field approximation to spin averages
[45] and replacing the parameters J2
i j
with their averages
J2/N (this replacement is justified by the law of large
numbers for N ,n ≫ 1 and it can still be used as an esti-
mate in the case of n ∼ 1) one can express the exponent
in the Fourier transform as
F (t1, ..tn)= e2i
J2
kB T
∑n
p=1 tp vp− 4J
2
2
∑n
p,q tp Mpq tq ,
vp = p
(
1− p
N
)
, Mpq =min(p,q)
(
1−max(p,q)
N
)
. (30)
One can substitute Eq. (30) into Eq. (27) and perform in-
tegration over all variables tp . This yields
Pn =
exp
[
− J2
2(kB T )2
∑n
p,q
[
M−1
]
pq vp vq
]
(8π)
n
2 J n
√
det(M̂)
. (31)
The localization threshold behavior can be described
within the n th order forward approximation as Γcn ∝
1/(Pn)
1
n (see Sec. 4 in the main text). Then the correla-
tions modify the localization threshold by the factor
η(n)=
(
Pn0
Pn
) 1
n
=
(
det(M̂)
) 1
2n exp
[
J2
2T 2
(
1
n
n∑
p,q
[
M−1
]
pq vp vq −1
)]
. (32)
If one neglects p/N ≪ 1 and q/N ≪ 1 in the defi-
nitions of the vector v and matrix M̂ in Eq. (30) then
it can be shown that η = 1 (see the main body of the
manuscript) and there are no corrections to the local-
ization threshold due to correlations. Consequently the
correlation effect can be significant only for the number
of spin flips comparable to the total number of spins,
n ∼ N . Moreover since for the corrected matrix M̂ one
has det(M̂)= 1−n/N the correction from the factor con-
taining the determinant, (1−n/N ) 12n , is always close to
1 at sufficiently large N except for the case n = N so the
factor containing the determinant can be skipped. Since
there are no other corrections at an infinite temperature,
the correlations in spin-flip energies cannot affect the lo-
calization threshold in that case.
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Figure 5 The correction factor η f calculated numerically us-
ing the exponential factor in Eq. (32) versus Ðrˇ relative num-
ber of spin flips, n/N , calculated for the numbers of spins N =
100,400,900,1600 at the transition temperature T = T f . All data
belongs to an almost universal curve. In the case of n ≪ N this
factor rapidly approaches unity.
The temperature dependent exponent in the right
hand side of Eq. (32) differs from 1 at n ∼ N as shown
in Fig. 5 where the factor η is given at the glass transi-
tion temperature T = T f = J/kB (it is denoted as η f there
and in the main text). The temperature dependent factor
η(n) in Eq. (32) can be expressed for T > T f as η f (n)
T2
f
T2
and this equation is used in themain body of the present
work.
At small number of flips, n ≪ N , one has η f (n) ≈
exp(−n/(2N ))∼ 1 while this factor approaches 0.7 at n →
N . This behavior can lead to some reduction of the local-
ization threshold at a finite temperature as discussed in
the main text.
8.2 Localization in the Bethe lattice with correlated
site energies.
In contrast with the standard Bethe lattice problem [26,
30] with all non-correlated site energies Φa the energies
of adjacent sites of the spin glass model
Ĥ = Ĥ0+ V̂ ,
Ĥ0 =
N∑
i=1
φiσ
z
i +
N∑
i=1
i−1∑
j=1
Ji jσ
z
i σ
z
j , V̂ =Γ
∑
i
σxi . (33)
given by eigenvalues of the Ising Hamiltonian Ĥ0 differ-
ent by a single spin flip are strongly correlated. Indeed
the change of the Ising energy ǫi defined as
ǫi = 2σi a(φi +
∑
k
Ji kσka) (34)
due to a flip of some spin i is of order ofW1 = 2
√
W 2+ J2
which is much less than the typical energy of the state
a (Φa ∼W1
p
N ≫W1 at T =∞). Consequently the accu-
rate solution of Ref. [30] is not applicable to themodel Eq.
(33).
However, the accurate solution is still possible if the
correlations between different transition energies ǫi Eq.
(34) can be neglected. This is indeed the case for the
large coordination number N ≫ 1. In the absence of spin-
spin correlations (an infinite temperature) the average
squared transition energy is given by < ǫ2
j
>= W 21 while
the correlation energy for two transition energies asso-
ciated with flips of spins i and j is given by < ǫi ǫ j >=
4J2/N ≪ J2≪W 21 . Then following the law of large num-
bers one can describe the statistics of transition energies
ǫ in Eq. (34) using independent Gaussian distributions
p(ǫ)= 1p
2πW1
e
− ǫ2
2W 2
1 , W1 = 2
√
W 2+ J2. (35)
(see also the consideration in the previous section).
Consider the model of fully uncorrelated transition
energies independent of site energies. Then one can fix
the energy of an arbitrarily Bethe lattice site at Φ= 0 and
express the energy of any other site separated from the
given site by n steps as a sum of n random uncorrelated
transition energies. In the limit of an infinite Bethe lattice
all possible energies in the domain (−∞,∞) have equal
chances to be realized so the site energy density of states
P(E) approaches zerowhich corresponds to the infinitely
strong disordering. In the case of uncorrelated site en-
ergies this should lead to full localization [30]. However,
this is not the case for correlated site energies.
Following the self-consistent theory of localization
[26] one can express the single site a diagonal Green func-
tion as Ga = (E −Φa −Σa )−1 where Σa is the self-energy.
The self-consistent equation linearized with respect to
the imaginary parts of self-energies vanishing below the
localization transition can be then written as [26] (more
explanation is provided in the next section, where the for-
ward approximation is considered)
Im Σa =Γ2
∑
k
Im Σak
(E −Φa −Ek −Re Σak )2
. (36)
Here the difference in coordination numbers between N
and N −1 is ignored since N ≫ 1 (cf. Ref. [26]). The delo-
calization transition takes place at Γ = Γc where the lin-
earized equation for imaginary parts (Eq. (36) acquires
the first non-zero solution.
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Using the ansatz of Ref. [26] 〈e−sImΣa 〉 = 1− sβA(Ra)
(Ra = E −Φa) valid for s → 0 and neglecting ReΣak terms
in the denominator of the right hand side of Eq. (36) one
can get the approximate equation for the function A in
the form
A(R)=NΓ2β
∫
D
p(ǫ)A(R −ǫ)dǫ
|R −ǫ|2β , (37)
where ǫ stands for spin flip transition energies within the
Bethe lattice and p(ǫ) is the distribution function of those
energies Eq. (35). The exponentβ should be optimized to
maximize the threshold fieldΓc corresponding to the first
non-zero solution of Eq. (36). The integration domain D
is chosen as (−∞,R − p(0)Γ2)∪ (R + p(0)Γ2,∞) in accor-
dance with Refs. [22, 26] to avoid the anomalously large
contributions Γ2/|R − ǫ| > 1/p(0) to a real part of a self-
energy. This constraint reflects level repulsion restricting
the minimum energy difference of coupled states.
Under these conditions the real part of the self-energy
can be neglected. This simplification is justified within
logarithmic accuracy by a large coordination number
N ≫ 1 where the real part of the self-energy (N p(0)Γ2c )
is much smaller than the typical energy (1/p(0)). The lat-
ter condition is satisfied near the localization transition
point Γc ∼ 1/(N p(0)) for N ≫ 1.
In the case of N ≫ 1 one has 1−2β≪ 1 [26] so the inte-
gral in Eq. (37) over energies is nearly logarithmic. Then
setting R = 0 one can rewrite Eq. (37) in the form
A(0)=NΓ2β
∫
D
p(ǫ)A(0)dǫ
|ǫ|2β
+NΓ2β
∫
D
p(ǫ)(A(−ǫ)− A(0))dǫ
|ǫ|2β . (38)
The second term can be neglected within logarithmic ac-
curacy compared to the first one because of the compen-
sation of the small denominator at |ǫ| → 0. Evaluating
the remaining integral with the same accuracy one can
obtain the equation for the localization threshold in the
form
1= 2N p(0)Γc
(p(0)Γc)
2β−1− (p(0)Γc)−2β+1
(1−2β) . (39)
Similarly to Ref. [26] (see Sec. 6 there) one can show that
theminimum of the right hand side of Eq. (39) is realized
at β = 1/2 leading to the familiar definition of the local-
ization transition [26,30]
Γc1 =
1
4N p(0) ln(1/(p(0)Γc))
≈ 1
4N p(0) ln(N )
, (40)
where the typical random energy 1/p(0) is given by the
characteristic spin flip energy rather than the site energy
which is macroscopically large [30].
The difference e/2 between the prefactors in the re-
sult of Ref. [30] and in Eq. (40) has the same origin as in
two different estimates in Ref. [26] where the integration
constraint is included (Sec. 6 there, cf. Eq. (40)) or ignored
(Sec. 5 there). The integration constraint is included in
the present work since it gives a better estimate for the
localization transition in the Bethe lattice [26]. The addi-
tion of a similar constraint to the analysis of Ref. [30] will
change the estimate for the localization threshold there
by the same factor so two approximations are technically
equivalent.
Correlations in site energies result in a dramatic sup-
pression of localization in agreement with previous stud-
ies (see e. g. the review [52] and references therein). Fur-
ther applications of the proposed solution to the localiza-
tion problemwith correlated disorder can be of interest.
8.3 Localization threshold in the case of a strong
interaction
8.3.1 Self-consistent forward approximation for a spin
glass problem
The derivation begins with the equation for the Green
functions in the basis of Ising states (spin projection se-
quences {a}) defined as Gab = 〈a
∣∣(E − Ĥ)−1∣∣b〉, where E
is the energy of the state of interest and the Hamiltonian
Ĥ is defined by Eq. (33). The diagonal Green function
(Ga =Gaa ) satisfies the equation
(E −Φa )Ga = 1+Γ
∑
k
Gak a , (41)
where Φa =
∑
i φiσi a + (1/2)
∑
i j Ji jσi aσ j a is the site en-
ergy expressed in terms of the spin projections to the z-
axis (σi a) for the specific state a. Each state ak (neigh-
boring site in the Bethe lattice) can be obtained from the
state a by flipping the spin k. Green functions in the right
hand side of Eq. (41) obey the equations
(E −Φa,k )Gak a =ΓGa +Γ
∑
k ′ 6=k
Gakk′a , (42)
where the states akk ′ are obtained from the state a by flip-
ping spins k and k ′. The self-consistent equation [26] can
be derived for the Bethe lattice problem from Eq. (41) in-
troducing the diagonal Green functionGk in the state ak
(for the sake of simplicity Gak ak is denoted as Gk ) ignor-
ing the connection of this state to the state a which per-
mits one to express the functionGak a as
Gak a = ΓGaGk . (43)
If the functionGa is taken by ignoring 1 out of N connec-
tions in the related graph (this corrresponds to the coor-
dination number N −1) the substitution of Eq. (43) into
Eq. (42) leads to the self-consistent equation of Ref. [26].
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In our case of N ≫ 1 the difference of a single connec-
tion can be neglected and one can express Eq. (43) in the
self-consistent form [26]
Ga =
1
E −Φa −Γ2
∑
k Gk
. (44)
The analysis of this equation performed in the previous
section leads to the localization threshold given by Eq.
(40) for the matching Bethe lattice problem. To exam-
ine the validity of the self-consistent approximation one
can make one or more iterative steps expanding the off-
diagonal Green functions Gak a in the same manner as
it was done in Eq. (43). As shown below these iterations
lead to the forward approximation.
1
Ra−ǫ1
1
Ra−ǫ2
1
Ra−ǫ1
1
Ra−ǫ3
1
Ra−ǫ2
1
Ra−ǫ3
1
Ra−ǫ2−ǫ3−U23
1
Ra−ǫ1−ǫ3−U13
1
Ra−ǫ1−ǫ2−U12
1
Ra−ǫ1−ǫ2−ǫ3−U12−U13−U23
(1) 1Ra−ǫ1
(2) 1Ra−ǫ1−ǫ2−U12
(3) 1Ra−ǫ1−ǫ2−ǫ3−U12−U13−U23
(n) 1
Ra−
∑n
i=1 ǫi−
1
2
∑
i 6=j Uij
Figure 6 The third order forward approximation and a general
structure of the nth order term (Eq. (57)) determined by sums
of products of fractions taken along the paths from the top to the
bottom, Ra = E −Φa .
Consider the second iteration in detail. It can be per-
formed using the equation for the off-diagonal Green
functionGakk′a which can be written as
E −Φakk′
Γ
Gakk′a =Gak a +Gak′a +
∑
k ′′ 6=k ,k ′
Gakk′k′′a . (45)
Performing the same trick as in Eq. (43) one can express
the solution to Eq. (45) as
Gakk′a =Γ(Gak a +Gak′a)Gkk ′ , Gkk ′ =Gakk′akk′ . (46)
Introducing the function λk =Gak a/(ΓGa ) and substi-
tuting Eq. (46) into Eq. (42) one recovers the form
(E −Φak )λk = 1+Γ2
∑
k ′ 6=k
Gkk ′(λk +λk ′), (47)
while the initial diagonal Green function can be ex-
pressed as Ga = (E −Φa −Γ2
∑
k λk )
−1.
The localization transition is determinedby the imag-
inary part of the self-energy ImΣa = Γ2
∑
k Imλk , while
the real and imaginary parts of functions λk satisfy equa-
tions following from Eq. (47), which can be written as
Re λk =
1
E −Φak
+ 1
E −Φak
Γ
2
∑
k ′ 6=k
ReGkk ′Re(λk +λk ′),
Im λk =
1
E −Φak
Γ
2
∑
k ′ 6=k
ImGkk ′Re(λk +λk ′)
+ 1
E −Φak
Γ
2
∑
k ′ 6=k
ReGkk ′Im(λk +λk ′).(48)
The forward approximation can be derived from this
equation as follows. First the real part of the function λ
is calculated to lowest order in Γ ignoring the real part of
the self-energy similar to Ref. [26] where it is justified in
the case of a large coordination number (here the coor-
dination number is N ≫ 1). Then the first line in Eq. (48)
takes the form
Re λk =
1
E −Φak
. (49)
Second the imaginary parts of functions λk correspond-
ing to “backwards" processes involving several flips of
the same spin are neglected on the right hand side of the
second line of Eq. (48). Then using Eq. (49) one can rep-
resent this second line as
Im λk =
1
E −Φak
Γ
2
∑
k ′ 6=k
InGkk ′
(
1
E −Φak
+ 1
E −Φa′
k
)
. (50)
Substituting the results for Im λk into Eq. (47) one
can get themodified self-consistent equation for the self-
energy in the form
Im Σa =
Γ
4
2
∑
k ,k ′
(
1
E −Φak
+ 1
E −Φak′
)2
Im Σkk ′
(E −Φakk′ )2
, (51)
where Σkk ′ is the self-energy for the diagonal Green func-
tion in the state akk ′ . The energy Φakk′ can be expressed
as
Φakk′ =Φa +ǫk +ǫk ′ −Ukk ′, Ukk ′ = 4Jkk ′σkaσk ′a , (52)
whereσi a is the z axis projection of the spin i in the state
a.
Similarly one can derive the self-consistent equation
performing n > 2 iterations and ignoring the corrections
to the real part of the self-energy and backwards pro-
cesses. It is convenient to introduce a more general func-
tion λ{k} =Ga{k}a/(ΓGa ) where {k} denotes the sequence
of spins flipped in the state a forming the state a{k}. Us-
ing this notation one can still express the diagonal Green
function asGa = (E−Φa−Γ2
∑
k λk )
−1. The functionλ{k}p
for the sequence {k}p of p flipped spins (1< p < n) obeys
the equation (Φ{k}p is a simplified notation for the diag-
onal energy of the state obtained from the initial state a
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by means of flipping p spins, belonging to the sequence
{k}p )
(E −Φ{k}p )λ{k}p =Γ
∑
λ{k−}p−1 +Γ
∑
λ{k+}p+1 , (53)
where the first sum in the right hand side in Eq. (53) is
taken over all p spin sequences {k−}p−1 generated from
the sequence {k}p removing one spin (flipping it back-
wards) while the second summation is taken over all N −
p spin sequences {k+}p+1 generated from the sequence
{k}p flipping one additional spin. The forward approxi-
mation corresponds to the assumptions
Re λ{k}p ≈
Γ
(E −Φ{k}p )
∑
Re λ{k−}p−1 ,
Im λ{k}p ≈
Γ
(E −Φ{k}p )
∑
Im λ{k+}p+1 . (54)
Using Eq. (49) one can evaluate Re λ{k}p as
Re λ{k}p ≈
∑
{t}
Γ
p−1
(E −Φt1 )(E −Φt1t2 )...(E −Φt1t2 ...tp )
(55)
where the sum is taken over all p ! permutations {t } of the
given sequence {k}p .
Equations for the functions λ for n spin sequences
{k}n can be formally solved using the diagonal Green
functionG{k}n for the states a{k}n similarly to Eq. (46) as
λ{k}n =G{k}n
∑
λ{k−}n−1 . (56)
Assume that Im λ{k}n ≈ Im G{k}n
∑
Re λ{k−}n−1 similar to
Eq. (54). Using Eq. (54) to calculate Im λk for a single
flipped spin and Eq. (55) for the real part of functions
λ one can obtain the self-consistent equation in the n th
order forward approximation generalizing the second or-
der approximation, Eq. (51), as (Ra = E −Φa )
Im Σa =Γ2
∑
{k}
[
D(n)({ǫ}k , {U }k ,Ra)
]2 Im Σ{k}
(E −Φa{k})2
,
D(n)({ǫ}, {U },R)
=
∑
{t}
[
n−1∏
i=1
Γ
R −∑i
j=1 ǫt j +
∑
j ′< j≤i Ut j t j ′
]
, (57)
where the sum in the first equation is taken over all
(N
n
)
sequences {k}n of n spins, while the second equation in-
troduces the kernel function D as the sum taken over all
n! permutations {t } of the given sequence {k}. The se-
quences {ǫ}k , {U }k represent transition energies and bi-
nary interactions for spins belonging to the sequence k.
The structure of then th order term is illustrated in Fig.
6. The structure of the kernel function is identical to the
n th order forward approximation [30,31,53].
Eq. (57) can be analyzed using the same approach
< e−sImΣ >= 1− sβA as used in Ref. [26]. Then one can
rewrite the equation determining the localization thresh-
old in the form
A(R)=
(
N
n
)
Γ
2β
n∏
i=1
∫
l
p(ǫi )dǫi
∏
j<i
∫∞
−∞
g (Ui j )dUi j
×
∣∣D(n)({ǫ}, {U },R)∣∣2β A(R −∑ni=1 ǫi +∑i< j Ui j )|R −∑ni=1 ǫi +∑i< j Ui j )|2β , (58)
where integration domains l are chosen to cutoff singu-
larities in all denominators similarly to Eq. (37), and the
function g (x) is a Gaussian distribution with a zero aver-
age and root mean squared x equal to 4J/
p
N .
The case β= 1/2 is examined below. This is consistent
with the standard forward approximation and can be jus-
tified in the domain of the forward approximation given
by Eq. (62) using the methods of Ref. [26].
Each of n! terms contributing to the kernel function
D in Eq. (58) corresponds to a permutation {t } of the se-
quence 1, ..n. It contains an n th order singularity in the
denominator, realized at spin flip energies given by
ǫt1 = 0, ǫt2 =Ut1t2 , ǫt3 =Ut1t3 +Ut2t3 , ...
ǫtn =Ut1tn + ...+Utn−1tn . (59)
The sum of n terms Ui j is of order Un ∼ J
p
n/N and
therefore all spin flip energies ǫi near singular points
belong to the domain −Un ≤ ǫi ≤ Un . Outside that do-
main the integrals over energies rapidly converge pro-
vided thatβ≈ 1/2. This can be easily seen forn = 2where
the functionD canbe expressed asD = ΓUi j/(ǫi (ǫi+Ui j ))
and the integral over ǫi converges at ǫ j ∼Ui j . The more
general statement for n > 2 can be proved using the
mathematical induction method so one can restrict the
integration domains for integrals over energies ǫi in Eq.
(58) to −Un ≤ ǫi ≤Un within the logarithmic accuracy.
These integrals diverge logarithmically and the re-
strictions to the integration domains should be applied
following Refs. [22,26]. Since the characteristicmaximum
energy is given by the inter-spin interaction Un the inte-
gration domain for each factor in the denominators of
the kernel function D in Eq. (58) representing the multi-
ple spin flip energies is chosenwith the logarithmic accu-
racy as (−Un ,−Γ2/Un)∪(Γ2/Un ,Un). In otherwords these
energies should not approach exact resonances (Eq. (59))
closer than the constraint energyΓ2/Un (cf. Refs. [22,26]).
The prefactors in the definitions of integration domains
and cutoffs are not very significant since all dependen-
cies on them are expressed in logarithmic form.
Further simplification of Eq. (58) can be attained by
setting R = 0 and making the resonant approximation as
in Eq. (38) so the factors A(0) can be omitted in both sides.
This leads to the equation determining the localization
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threshold in the form
1= Xn = 4
(
N
n
)
ln
(
Un
Γ
)
Γ
n∏
i=1
∫
l
p(ǫi )dǫi
×
[∏
j<i
∫∞
−∞
g (Ui j )dUi j
]
×
∣∣D(n)({ǫ}, {U },R)∣∣δ( n∑
i=1
ǫi −
n∑
j=1
j−1∑
i=1
Ui j
)
. (60)
8.3.2 Applicability of a forward approximation
Using typical forward approximation parameters one
can examine the relevance of the forward approximation
at large n ≫ 1. For instance consider the applicability of
Eq. (55) which essentially determines the kernel function
in Eq. (57). This equation has been obtained skipping
contribution of sequences with extra spin in the first line
of Eq. (54)
Γ
(E −Φ{k}p )
∑
Re λ{k+}p+1 . (61)
This contribution can be estimated using Eq. (55) for
longer sequences. According to the above analysis only
extra spins with flip energies ǫ ≤Un should be included
and there are Nn = NUn/W1 of such spins. The sum in
the correction, Eq. (61), contains (n + 1)!Nn terms com-
pared to the main contribution in Eq. (55) leading to the
forward approximation but each term contains an extra
factor Γ2/(U 2n). Thus the correction term differs from the
leading approximation by the factor (NΓ/W1) · (nΓ/Un).
Since in the transition point one has Γ ≈ W1/N the cor-
rection can be estimated as (nΓ/Un) and the forward ap-
proximation is applicable under the condition
n <
(
U
Γ
)2
. (62)
A similar constraint can be derived considering equa-
tions for imaginary parts (second line in Eq. (55)).
Eq. (62) can be interpreted qualitatively as comparing
the pure forward processes (spin sequences) involving
only one flip of each spin with the processes involving
multiple flips of each spin as suggested in the main text.
8.3.3 Estimate of a localization threshold
Since the terms in the sum determining the kernel func-
tion D possess Levy statistics in the absence of the con-
straint forminimumdenominators, one can evaluate the
integrals there assuming that this is the case and then ver-
ify the validity of the assumption about the statistics. In
the case of Levy statistics the sum is determined by the
maximum term and one can replace the absolute value
of the sumwith the sumof absolute values. Then the inte-
grals in Eq. (60) can be evaluated within the logarithmic
accuracy as (integrals over interaction constants can be
evaluated replacing these constants in the argument of
logarithm by their typical valueU )
Xn =
N !
(N −n)!Γ
n p(0)n22n ln
(
U
p
n
Γ
)n
. (63)
The localization-delocalization transition should take
place at Xn = 1.
The validity of this result can be tested examining the
validity of the Levy statistics for the sum of n! singular
terms in the kernel function D. The absolute value of
the denominator in each term is distributed nearly uni-
formly within the domain (0,Un). Then the minimum
value of denominator dn can be estimated considering
the probability that each out of n factor there exceeds
dn . This probability is given by (1−dn/Un)n so one gets
dn ∼ Un/n. If dn < Γ2/Un the lower constraint for the
denominators becomes significant and the assumption
about Levy statistics fails. This takes place simultane-
ously with the failure of the forward approximation, Eq.
(62), so Eq. (63) is applicable until the forward approxi-
mation is valid. This result is used in the main body of
the manuscript.
8.4 Localization threshold in the case of a weak
interaction
To estimate the localization threshold in the case of a
weak interaction one can use an approximate matching
Bethe lattice problem for the lattice containing N spins
in a locally diagonalized representation. Each product
state couples to N2/2 states different from the given state
by two spin flips. The “diagonal" energy difference Ei j
of initial and final states different by flips of spins i and
j is determined by the spin energy difference Ei ±E j =√
ǫ2
i
+Γ2±
√
ǫ2
j
+Γ2. Only one half of spin transitions cor-
responding to the negative sign can be resonant, corre-
sponding to flip-flop transitions. The coupling matrix el-
ement responsible for the flip-flop transition is given by
4Ji jΓ
2/(Ei E j ).
One can apply the self-consistent theory of localiza-
tion to this problem similarly to the previous consider-
ations considering the contribution of resonant transi-
tions with arbitrary energies Ei ≈ E j = E > Γ. The in-
tegration domain in the “logarithmic" approximation is
given by UΓ2/E2 < |Ei −E j | <U leading to the logarith-
mic factor ln(E/Γ) which can be large for large energies
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E >Γ. The problem in this formmatches the Bethe lattice
problem with varying coupling strengths (due to differ-
ent energies E involved) and a localization criterion can
be obtained integrating these contributions together in
the form
1= 2N2p(0)2Γ2c 〈
∣∣Ji j ∣∣〉∫∞
−∞
dǫ
1
ǫ2+Γ2 ln
(
ǫ2+Γ2
Γ2
)
≈ 7N2p(0)2JΓc/
p
N . (64)
The integral over energies is determined by ǫ ∼ 4.5Γ (the
domain (−4.5Γ,4.5Γ) gives around half of the total inte-
gral) which gives some qualitative justification for log-
arithmic accuracy requiring the argument of the loga-
rithm to be much greater than 1.
Evaluating integrals in Eq. (65) one can estimate the
localization threshold as
Γc =
η1
7N
3
2 p(0)2J
, (65)
where the factor of η1 ∼ 1 accounts for the possible inac-
curacy of the logarithmic approximation in Eq. (64). This
is a conservative estimate in the sense that in addition to
the logarithmic contribution there is some constant con-
tribution from the domain |Ei−E j | >U , which is ignored
in Eq. (64). Consequently the localization threshold can
be overestimated. The localization threshold estimate,
Eq. (65), is used in the main body of the manuscript.
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